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1 Introduction 



Toric methods found their way into string theory in the winter of 92/93, when Batyrev intro- 
duced the construction of Calabi-Yau manifolds in terms of reflexive polyhedra relating 
mirror symmetry to the duality of polyhedra, and Witten and Aspinwall, Greene and Morri- 
son discussed the phase structures of string compactifications. For a while, these two topics 
constituted the main applications of toric methods in the context of string theories. More 
recently, it turned out that toric geometry is also a valuable tool for the discussion of geomet- 
ric properties of manifolds that become important in the context of string dualities, such as 
fibration structures and singularities. 

In the present work, we try to motivate the use of toric geometry through its applications 
in the context of string and F-theory dualities and proceed to give an introduction to the main 
concepts that are relevant in these applications. We will try to give both intuitive pictures and 
precise rules that should enable the reader to work with the concepts presented here. 

Our presentation will revert the historical order: Originally, toric geometry was defined in 
terms of rather abstract algebraic concepts (semigroups, ideals. Spec, . . . ) and only later it was 
found by several authors (perhaps in the clearest form by Cox in [^) that toric varieties admit 
global homogeneous variables in a way that is very similar to (weighted) projective spaces. 
This construction is also the one that is used for discussions of phase structures [||, ||. As 
noted by Cox in , "It is possible to develop the entire theory of toric varieties using ... as the 
definition of toric variety" . This is the path we will follow (without too much mathematical 
rigour, however), and it is surprising how many statements can be derived or at least explained 
without using a large apparatus of algebraic geometry. Important sources of further information 
on toric geometry are the textbooks by Fulton and Oda [0] and the recent review by Cox |^ ; 
introductions to toric geometry intended for physicists can be found in M, P, [TO, O]. Inevitably, 



the presentation will be influenced mainly by the 'Austin style' |12]-|22]; other applications of 



toric geometry to string and F-theory dualities can be found in refs. 



We will start with giving a brief overview of F-theory and string dualities in the next section, 
mainly with the aim of explaining which geometric structures play a role in string dualities. 
In section 3 we introduce toric varieties as generalisations of weighted projective spaces, and 
in section 4 we discuss singularities and construct coordinate patches. We proceed to explain 
how to construct functions and line bundles on toric varieties in section 5 and how fibrations 
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structures manifest themselves torically in section 6. Finally, in section 7 we return to the 
subject of singularities and explain how enhanced gauge groups in type IIA and F-theory can 
be read off from the toric polyhedra. 



2 F-theory and string dualities 



In this section we give a brief account of Vafa's construction of F-theory as a particular 
eight dimensional vacuum of the type IIB string. 

Type IIB string theory in ten dimensions is chiral with two left-moving and no right moving 
space-time supersymmetries. The bosonic fields of the corresponding low energy field theory 
are the graviton g^^, the antisymmetric tensor field B^^, and the dilaton (p coming from the 
NS-NS sector of the string theory, as well as the axion and the antisymmetric tensor fields 
B^^ and A^^^^ (the latter being self-dual) coming from the RR sector. This theory has a well 



known conjectured non-perturbative S'L(2,Z) symmetry [36, 37]. Under this symmetry, the 
combination r = + ie~'^ of the axion and the dilaton, and the doublet {B, B) of two form 
fields are believed to transform as 



CT + d \B J \c d J \B 
respectively, while g and A'^ remain invariant. 

Vafa looked for a solution of the low energy field equations such that B, B and A'^ vanish 
but G and r depend on the space-time coordinates xs and xg, but not on xq, . . . , xj. Demanding 
that such a solution should also preserve half of the supersymmetry results in a BPS condition 
implying that r depend holomorphically on z = Xg + ixg. The low energy lagrangian for 
r = t{z) allows a solution where z parametrizes a Riemann sphere (complex projective 
one dimensional space, often denoted CP^) and t{z) has generically 24 singularities where 
t{z) ~ 2^1n(2;). We see immediately that r is not, strictly speaking, a function of z, since 

+ 1 for z ^ e^'^'z. (2) 

Nevertheless this is a good vacuum for type IIB string theory once we take into account the 
action (0) of the SL{2, Z) symmetry. 

A quantity r that is defined only up to transformations of the type (P has a well known 
geometric interpretation: It can be seen as the complex structure modulus of a torus T^. Thus, 
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Vafa's solution of the IIB string theory corresponds to a with a two-torus 'on top of 
every point'. The total space parametrized locally by {z,w), where w denotes a coordinate 
on the T^, has to be a K3 surface. The complex structure of the varies over the and 
degenerates over 24 points in the manner dictated by eq. (0). If some of the 24 points collide, 
we get singularities that are worse than the one described by (Q). Physically each of the 24 
points corresponds to the location of a 7-brane. 

A structure of the type described above is not uncommon in algebraic geometry and is 
known under the name 'fibration'. Generally a fibration manifests itself through a surjective 
map from the total fibration space to the base space such that the preimage of a generic point 
in the base is a copy of the fiber, with the moduli of the fiber depending holomorphically on 
the coordinates of the base. 

The resulting eight dimensional theory may be seen as the compactification of a 12 dimen- 
sional theory on the K3 surface parametrized by the 2 complex coordinates z and w. This 12 
dimensional theory is known as F-theory. 

As a theory in eight dimensions, it has exactly half of the maximally possible supersymmetry. 
There is another theory in eight dimensions with the same amount of unbroken supersymmetry, 
namely heterotic string theory compactified on T^, so it is natural to conjecture a duality. 
Indeed, there are very good reasons to believe that there exists such a duality, with the heterotic 
coupling constant given by the size of the P^ . 



This theory can now be compactified further to 6 dimensions. There are two distinct 
possibilities: If we do not want to break supersymmetry further, we may compactify on a 
further T^. Then the aforementioned duality becomes a duality between F-theory on K3 x 
and heterotic string theory on x T^. The latter theory is well known to appear in another 
duality relating it to type IIA string theory on K3 pS] . It is believed that the two K3 
manifolds occurring in these dualities are the same. This is very useful since the mechanism 
for the occurrence of enhanced gauge groups in type IIA is well understood. 

Alternatively, we may compactify the 8 dimensional theory on a P^ in such a way that the 
complex structure of the K3 depends holomorphically on the complex coordinate of the new 
pi. In this case we compactify F-theory on a Calabi-Yau threefold which is both K3 fibered 
and elliptically fibered. This theory is dual to heterotic string theory compactified on a K3. 
By compactifying this theory to four dimensions on a T^, we may again use a known duality 
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to relate it to a type IIA string theory. 



3 Toric varieties as generalisations of weighted projective spaces 

Algebraic geometers think of two-tori as 'elliptic curves'. A standard way of describing an 
elliptic curve is by embedding it into 

P^ = (Cn{0})/(C\{0}), (3) 

where the division by C \ {0} means that we identify points related by the equivalence relation 
~ acting in \ {0} through 

{x,y, z) {\x, \y, Xz) for any AgC\{0}; (4) 

X, y and z are called homogeneous coordinates. The elliptic curve is embedded in this space 
via the Weierstrass equation 

y'^z = x^ + axz"^ + hz^ . (5) 
An alternative description can be given in terms of the weighted projective space 

p(2,3,i) defined 

just like P^, but with the equivalence relation changed to 

{x,y,z) ^ {\^x,\^y,\z) for any A G C \ {0} (6) 

and the Weierstrass equation changed to 

y"^ = x'^ + axz^ + bz^. (7) 

In both cases this equation describes a non-singular elliptic curve whenever the discriminant 
S := 4a^ -|- 276^ is nonvanishing. 

and p(2'^'^) are simple examples of toric varieties. The equivalence relations (|^) and (j^) 
can be encoded in diagrams like those in fig. |1|. In both diagrams we have drawn vectors Vx, 
Vy and Vz in some lattice called the 'iV lattice', such that 

QxVx + QyVy + QzVz = 0, (8) 

where qx, Qy and are just the exponents of A in (|) and respectively. It might be helpful 
to think about this in the following way: For P^^-s.i)^ for example, the fact that multiplying x 
by A^, y by A^ and 2; by A takes us back to the same point in p(2:3.i) jg encoded in the toric 
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diagram by the fact that adding 2vx, Svy and Vz to a lattice point takes us back to the same 
lattice point. So far this might look like a fancy but useless way of memorising the structure 
of a weighted projective space, but we will see how powerful this construction is in a moment. 

More generally, we have the following situation: There are k > n vectors Vi in a lattice N 
isomorphic to Z" , and k — n independent linear relations of the type leading to equivalence 
relations like (Q, P). Thus the complex dimension of the toric variety is always equal to the real 
dimension of the lattice. 

In more than two dimensions the vectors Vi are not sufficient to determine the structure of 
a toric variety, and we need a few definitions: We define a strongly convex rational polyhedral 
cone to be an n or lower dimensional cone in A^k (the real vector space carrying the lattice 
N), with G as its apex, with the following properties: it is bounded by finitely many 
hyperplanes ('polyhedral'), its edges are spanned by lattice vectors ('rational'), and it contains 
no complete line ('strongly convex'). A face of a cone a is either a itself or the intersection 
of cr with some hyperplane bounding a. A fan E is defined to be a collection of cones such 
that with every cone it contains it also contains any face of it and that the intersection of any 
two cones in E is a face of each (0 is also considered to be a cone). In each of our examples 
there is the zero dimensional cone consisting of the origin only, there are three one dimensional 
cones given by the rays determined by v^, Vy and Vz, and there are the two dimensional cones 
corresponding to the segments into which these rays cut A^k ~ M^. 

The generalisation of our previous construction of (weighted) to arbitrary toric varieties 
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is as follows: To each one-dimensional cone in S with primitive generator Vk we assign a 
homogeneous coordinate @] Zj, i = 1, ■ ■ ■ , fc. From the resulting we remove the exceptional 
set 

Zj, = [j{{z^,---,Zk): z, = OV?G/} (9) 
I 

where the union is taken over all sets / C {1, ■ ■ ■ , /c} for which {vi : i E 1} does not belong 
to a cone in S. This can be rephrased as the statement that several Zi are allowed to vanish 
simultaneously only if the corresponding Vi belong to the same cone. Then our toric variety is 
given by the quotient of \ by a group which is the product of a finite abelian group and 
(C \ {0})'=-" acting by 

k 

{z,,---,Zk)^{X'^hu---,X'hk) if = (10) 

i=l 

{k — n of these linear relations are independent; the are chosen such that they are integer 
and the greatest common divisor of the g* with fixed j is 1). This definition will become much 
clearer after we have discussed singularities and coordinate patches in the next section. Then 
we will also state what the finite abelian group (which is trivial in most examples, anyway) is. 

4 Singularities, blow-ups and coordinate patches 

Toric varieties often have singularities. As an example let us again consider Near the 

point y = z = we may use the equivalence relation @ to set x = 1. This does not use up all 
of our freedom in choosing A, since we are still left with the freedom of choosing a sign for A. 
Thus we are left with a residual relation {y,z) ~ {—y, ^z), and our toric variety looks locally 
like C^/Z2. In algebraic geometry there exists a procedure for turning a singular variety into a 
regular one, known as blow-up: A point (or, more generally, a subvariety) is said to be blown 
up if it is replaced by a higher-dimensional subvariety. 

In our present example, this is very easily visualised torically: Consider replacing the fan 
for p(^''^'^) as in fig. |l| by the fan in fig. ^. According to the rules of the previous section, our 
toric variety is given by 

C^\{{x,y,z,u): {x = u = 0)\/{y = z = 0)} (11) 
divided by the equivalence relation 

{x,y, z,u) {X'^fix, X^fiy, Xz, fiu) for any (A, /i) G (C \ {0})^. (12) 
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Figure 2: The fan for the blow-up of P^^''^'^) 

This variety can be analysed in the following way: Wherever u is not equal to zero, we can use 
/i to set u = 1, thus obtaining a copy of P^^'S.i) with the singular point y = z = removed. At 
u = 0, we have x according to ([TT|). If we switch from (A,yu) to (A,p) with p = A^/x and 
use our freedom in choosing p to set x to 1, we are left with a space described by 

(l,y,^,0)~(l,Ay,Az,0). (13) 

This is just a parametrized by y and z and is called an 'exceptional divisor'. In general 
a divisor in an algebraic variety is a formal linear combination of irreducible hypersurfaces 
with integer coefficients. In the toric case we always have the divisors corresponding to the 
hypersurfaces obtained by setting one of the homogeneous coordinates to zero. In this way 
we may think of the vectors Vi as corresponding to the 'toric divisors' determined by Zi = 0. 
Similarly, higher dimensional cones correspond to lower dimensional algebraic subvarieties. 

The reader is invited to check that there is a singularity at x = 2; = looking locally like 
C^/Zs that can be blown up by introducing two extra divisors corresponding to rays between 
Vx and Vz- 

We may think of n-dimensional cones as representing coordinate patches and of lower di- 
mensional cones as representing the regions of overlap along which these patches are glued, 
in the following way: Consider a simplicial n dimensional cone, i.e. a cone generated by n 
independent vectors which we choose to call fi, . . . ,Vn- To this cone there corresponds in a 
natural way the part of the toric variety where the Zi with i > n are non-zero, but some or all 
of Zi, . . . , Zn may be zero. We may choose the of (0) in such a way that they correspond to 
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expressing each of the vi with i > n in terms of f i, . . . , f„. Exphcitly, this means 

n 

q]-''vn+, + J2 = for J = l,...,k-n. (14) 

i=l 

If Vi, . . . ,Vn generate the lattice A^, then the gj'^-' can always be chosen to be 1 and the corre- 
sponding Xj may be used to set Zn+j to 1 without any further freedom remaining. If, however, 
vi, . . . ,Vn generate only a sublattice M(f i, . . . , t>„) of M, residual relations generalising the ones 
in our example may occur. These relations belong to a finite abelian group G{vi, . . . , Vn) which 
is isomorphic to M/M{vi, . . . ,Vn)- If all Vi generate M, then our coordinate patch will look 
like C"'/G(fi, . . . , Vn). In the case where M is not generated by all of the Vi, we define the toric 
variety in such a way that this result still holds: Then we have to divide C'^ \ Z^, not only by 
(C — {0})*^"" as in (p!0| ) but also by the finite group G{vi, . . . ,Vk). 

Thus we have seen that whenever S is simplicial, the corresponding variety will have only 
orbifold singularities, and in particular that it is smooth if every n dimensional cone is generated 
by vectors that generate the lattice M. The case of cones that are not simplicial is more 
complicated and will not be considered here. It is always possible to subdivide a fan to make 
it simplicial, anyway. 



5 Functions and line bundles 

We now turn to the subject of functions on toric varieties. To this end, consider the lattice M 
dual to our original lattice A^. A vector w ^ M may be used to define a Laurent monomial 

^{v.,u,)y{vy,w)^{v.,w)^ (15) 

where {v,w) denotes the duality pairing between v G A^r and w G M^. To avoid confusion 
it might be helpful to remember that M means Monomial and A^ (somewhat less naturally) 
means faN. (|15D describes the case of a weighted P^; the generalisation to an arbitrary toric 
variety is obvious. Under x —>■ X'^'^x, . . ., this monomial becomes 

(^\'!x^Y^x''^\X'^^yY'"^''^\X'^' zY'"^''^'^ = X^'^'''"''~^''y^^~^'^'''"^''^^x^'"'"'^'^y^'"^''^'^ z^'"^'^\ (16) 

As QxVx + QyVy + qzVz = 0, ([ISD is invariant under the equivalence relation and therefore is a 
true meromorphic function on our variety. 
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In order to define a consistent equation on a toric variety, however, we do not need functions: 
A polynomial equation P{zi) = is well defined if P transforms as P — > X'^^P under Zi X'^'-Zi. 
For example, 

P{x, y,z) = J2 a^x<"-"'>+^i/<"«'"'>+^z<"-"'>+^ (17) 



transforms homogeneously with qp = Qx + Qy + Qz- Once again, the generalisations (arbitrary 
toric varieties, replacing the I's by other numbers) are obvious. P is holomorphic (i.e., has no 
poles) if all w for which the coefficient is non- vanishing fulfill 



{vi, w) > —1 for all i. 



These inequalities define a bounded region (a polygon or, more generally, a polyhedron) in the 
real vector space carrying the lattice M. Figure |^ shows these regions for our two favourite 
examples, with points labeled by the monomials they represent according to (p!^). 





Figure 3: The polyhedra corresponding to P for and P^^'^'^) 



We may now ask the following question: Given a specific polynomial P in the homogeneous 
coordinates of some toric variety, which toric blow-ups are consistent with it? The answer is 
again given by the inequality ([l^), this time seen as a condition on the allowed Vi, given the 
w that encode P. Denoting by A the polyhedron in Mjg that is the convex hull of the lattice 
points corresponding to some monomials, we may define the dual polyhedron to be 

A* := {v eNu: {v, w) > -1 for all w E A}. (19) 

Then A is called refiexive if A* is a lattice polyhedron (i.e. if the vertices of A* C A^^ lie in 
N). In our examples. A* is just the convex hull of the endpoints of the vectors v^, Vy and 
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(cf. fig. |I]), and the allowed blow-ups are the one we encountered already and two more along 
the line VxVz in the second picture of fig. |I[ 

Let us now consider the toric variety determined by a fan containing all rays determined by 
points in A* and let us also assume that this fan is maximally triangulated (i.e., no cone can 
be subdivided into smaller cones without introducing extra rays). It was shown by Batyrev [|T| 
that the hypersurface defined by the vanishing of a generic polynomial in the class determined 
by A is a smooth Calabi-Yau manifold for n < 4. For n < 3 reflexivity ensures smoothness of 
the underlying toric variety, whereas for n = 4 (Calabi-Yau threefolds) the toric variety may 
have point-like singularities which are however missed by the generic hypersurface. 

The following paragraph, which will not be necessary for understanding the remaining two 
sections, requires a little knowledge about line bundles and their connections with divisor 



classes, at the level of e.g. chapter 1.1 of It is easily checked that (|T^ defines a section 
of a line bundle, with other sections being determined by different values of the a^. The 
corresponding divisor class can be read off from any of the monomials in P; for the particular 
form (|l^) we always have xyz among the monomials and so the divisor class is [D^ + Dy + D^] , 
with Dx = {x = 0} etc. Moreover, for any toric variety Di\ (the sum ranging over all toric 
divisors Zi = 0) is equal to the anticanonical class of the variety (this can be shown with 
methods very similar to those for determining the anticanonical class of P"). Thus a polynomial 
P ~ Ylw rii z^^'"'^'^^^ will always determine a section of the anticanonical bundle of the toric 
variety, and by the adjunction formula the zero locus of such a section describes a variety of 
trivial canonical class. If this variety is smooth, which is guaranteed by reflexivity for n < 4, it 
is thus a Calabi-Yau manifold. 



6 Fibrations 

In this section we consider the question of how fibration structures can be described torically. 
We remember that a fibration has a base space and a fiber, with the complex structure of the 
fiber depending on the point of the base. The simple example of an elliptic fibration with base 
can be described by a Weierstrass equation for the fiber, with coefficients depending on 
homogeneous coordinates (s, t) for the base. Such an equation may take the following form: 

= r' ^a{s,t)xz^ ^h{s,t)z'^. (20) 
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What should the corresponding toric diagrams look like? They should be three-dimensional, 
since we want to embed a complex surface with a single equation; and as x, y and z must still 
satisfy the equivalence relation there must again be vectors Vx, Vy and Vz with 2vx + 'iVy + Vz = 0. 
In addition we need two more vectors representing the new coordinates s and t. Fig. ^ shows 
a polytope A* such that the fan S over a triangulation of A* has these properties. There is 




Figure 4: The polyhedron A* corresponding to a smooth elliptically fibered K3 surface 

the additional linear relation Vg + Vt = 2vz, so that the toric variety in which the Weierstrass 
equation is defined is given by quintupels (x, y, z, s, t) subject to equivalence relations 



{x,y, z, s,t) (X'^x, X'^y, Xfi '^z, fj,s, iJ.t) for any (A, /x) G (C \ {0})^ 



(21) 



By constructing the dual polyhedron (A*)* =: A C Mk we can find out which monomials are 
allowed to occur. The result is 



a{s, t) = aos^ + ais't + ... + Ost, b{s, t) = + bis'^H + ... + bi2t 



,12 



(22) 



so the discriminant 6 = Aa^ + 276^ is of degree 24 and is thus expected to vanish at 24 points 
{s,t) e F\ 

In general, fibration structures involving manifolds of vanishing first Chern class both as 
fiber and as total space manifest themselves by A^^^^ being a reflexive subpolyhedron of A^^^j^j. 
The fan of the base space may be determined by projecting the fan of the total space along the 
directions of A^^^^ [|l^ . 
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7 Singularities revisited 



As we saw in the previous section, if we choose the polynomials a and h to be homogeneous 
of orders 8 and 12, respectively, the fibration will generically degenerate over 24 points of the 
base P^. At these points the elliptic fiber degenerates, but the K3 surface is still smooth. 

If we allow a and h to take special forms, then the singularity type of the fiber may get worse 
and the K3 surface can become singular, too. There exists a classification of degenerations 
of elliptic fibers according to Kodaira. In this scheme the fiber type is determined by the 
orders of vanishing of a, h and 5. The generic case corresponds to 24 singularities where 
(o(a), o(6), o{5)) = (0, 0, 1), called Ji singularities, whereas every other fiber is of type Jq, which 
is nothing but a smooth fiber. Generally J„ fibers are defined by (o(a), o(6), o{6)) = (0, 0, n). If 
we restrict a and b to be 

a(s, t) = a4sV, b{s, t) = b^sH'^ + b^sH^ + b-jsH\ (23) 

one can easily check that (o(a), o(6), o{5)) = (4, 5, 10) both at s = and t = 0. In this case we 
have two II* singularities. 

Alternatively, we may discuss singularities of the K3 surface independently of the fibration 
structure. In toric terms, we may think about singularities in the following way: Restricting 
a and b means that the polyhedron A in the M lattice becomes smaller. This implies that 
we can enlarge A*, thereby introducing exceptional divisors. The intersection matrix of these 
exceptional divisors turns out to be the Cartan matrix of a simple laced, i.e. A, D or E Lie 
algebra. In this way we have made the connection with the ADE classification of singularities 
of surfaces. By some well known results on compactifications of the II A string [^, these 
singularities lead to non-perturbative gauge groups of the corresponding A, D or E type. 

Luckily there exist tables relating the Kodaira and the ADE types of singularities. For ex- 
ample, Jo and Ji correspond to smooth points of the surface, whereas J„ with n > 1 corresponds 
to An-i and //* corresponds to Eg. Far more information on K3 surfaces and Kodaira and 
ADE singularities is given in ^1 . 



Candelas and Font 0] discovered an extremely simple way of determining the gauge group 
from the toric description of the variety: Under favorable conditions the extended Dynkin 
diagrams of the gauge groups can be read off from the polyhedron A*. For example, fig. ^ 
shows the polytope A* dual to the polytope A determined by eq. (^) with a and b as in (pB]). 
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Figure 5: The polyhedron A* corresponding to the heterotic string with unbroken gauge sym- 
metry 



The triangle lying 'horizontally' in A* can be identified with the Weierstrass triangle. Then 
the points above this triangle, together with the edges of A* joining them, form the extended 
Dynkin diagram of Eg. As the points below the Weierstrass triangle form another Eg extended 
Dynkin diagram, we conclude that this configuration may be interpreted as the F-theory dual of 
the heterotic Eg x Eg string compactified on with no Wilson lines turned on. It is interesting 
to note that the same polyhedron may also serve for describing the F-theory dual of the SO (32) 



string If we slice it along the 'vertical' triangle, we divide the polyhedron into one part 
consisting of a single point, corresponding to a smooth fiber, and a diagram that is just the 
extended Dynkin diagram of 5*0(32). 

The occurrence of Dynkin diagrams in toric polyhedra can be explained in the following 
way |jl9|: The polytope A* corresponds to the blown-up variety, so intersection patterns of 
divisors correspond to structures of singularities. Divisors in the K3 surface are intersections of 
divisors in the ambient toric variety with the K3 surface, so intersections of two divisors in the 
K3 surface correspond to triple intersections of the form Di ■ D2 ■ K3 in the toric variety. The 
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analysis of [|TU| shows that expressions of this form are non-vanishing if and only if the points 
Vi and V2 corresponding to Di and D2, respectively, are either equal or joined by an edge of A*. 
Then their intersection matrix is indeed the Cartan matrix of the corresponding Lie algebra. 

Compactifying F-theory to 6 dimensions, one usually assumes a double fibration structure: 
The Calabi-Yau threefold on which we compactify is supposed to be K3 fibered, with the K3 
fiber being elliptically fibered. In terms of toric geometry this manifests itself as 

A^^3 D A^3 D a;.., (24) 

where each of the inclusions is such that the lower dimensional polyhedron resides at a slice of 
the larger one through the origin. 

Again the base of the elliptic fibration is the toric variety determined by the fan that one 
obtains by projecting the fan for the ambient space of the threefold along the directions of the 
elliptic fiber. Gauge groups can be read off by looking at the preimages of rays in the fan of 
the base. These preimages, called 'tops', again look like extended Dynkin diagrams of gauge 
groups. For appropriately chosen polyhedra A*, these gauge groups may become as large as 
Es X {Es xF^xGlx AjY^ for the Es x Es string and 50(32) x Sp{24) x 50(80) x Sp{A8) x 
50(128) X Sp{72) X 50(176) x 5p(40) x Sp{52) x 50(64) for the 50(32) string 
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